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The chaoticity of the Mixmaster is discussed in the framework of Statistical Mechanics 
by using Misner-Chitre-Uke variables and an ADM reduction of its dynamics. 
We show that such a system is well described by a microcanonical ensemble whose 
invariant measure is induced by the corresponding Liouville one and is uniform. The 
covariance with respect to the choice of the temporal gauge of the obtained invariant 
measure is outlined. 

1. Introduction 

The original treatment of the Mixmaster D chaoticity due to Belinski, Khalatnikov 
and Lifshitz (BKL) ^ provided a satisfactory description of the Kasner indices be- 
haviour, especially because the invariant measure for the Poincare return map was 
calculated in terms of the u parameter. Nevertheless the question about how to con- 
struct a presentation for the system stochasticity in terms of continu ous va riables 
remained open. Relevant achievements in this direction appeared in l ^ l ^ l ^ l where 
an invariant measure associated to the motion of the billiard ball representing the 
system is studied in terms of continuous Misner-Chitre-like variables. 

Here we review the fundamental steps at the grounds of this analysis and fo- 
cus our attention to the invariance of the statistical mechanics representation with 
respect to the choice of the lapse function 1^ 

2. Asymptotic Dynamics 

Near the cosmological singularity the Mixmaster model admits a dynamics described 
by the two-dimensional ADM reduced action 
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being 



e 



(2) 



we adopted Misner-Chitre-like variables ^, 9, /(r) ^ and and pg denote the con- 
jugate momenta to ^ and 0, respectively. 
This picture is associated to the temporal gauge 



iV(r) 



12Z? 



E 



dr 



(3) 



in which D = exp(— S^e-'^'-'^-') and E denotes a generic positive value for the energy- 
like constant of motion e and the fixing of a specific time variable corresponds to 
choose a suitable function /(r). The integral in is referred to the domain Th (see 
Figure 1) outside of which the motion is classically forbidden; Th is dynamically 
closed and corresponds to a portion of a two-dimensional Lobachevsky plane, i.e. a 
surface of constant negative curvature. 
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Figure 1. Domain Fh dynamically accessible 



3. Invariant Measure 

This representation of the Mixmaster dynamics in terms of a billiard ball on a 
Lobachevsky plane is manifestly chaotic and the existence of an energy-like constant 
of motion characterizes the statistical properties by a microcanonical ensemble; 
therefore the distribution function takes the Liouville form 



dfj, cc 5(E — £)d^d9dp^dpe 



(4) 
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Since the value of e cannot contain any information about the Mixmaster chaoticity 
then we have to integrate on this variable by redefining the momenta as follows 

pc = — , COS (h (5a) 



Pe = eV^^ - lsin0, (5b) 

where < < 2tt; hence we get an uniform invariant measure as written in the 
variables ^, 9, (j) (in the phase space e assumes a fixed value), i.e. 

— m Th 

outside Th 

The invariant measure © holds in the time variable / and can be taken as the 
stationary solution of the Liouvillc equation 

dw dw dw dO dw d(j) dw 

dw 1-7, dw sin dw ^ sin dw 

(7) 

associated to the Hamiltonian system 

'^^ fP? 7 J. d^ sin<^ ^sin0 

-^Ve^cos^, ^ = -^^, W^-W=i- 

The invariance of distribution jnj is ensured by the holding of Eq. lO in any other 
time variable; in fact, the time gauge ||3Jl allows to re-express the Liouville theorem 

in a generic variable r via a simple multiplication by a common factor. 
Indeed for our proof is relevant that we are dealing with a stationary distribution 
function; for non-stationary corrections to the measure Jp)) and the corresponding 
asymptotic behaviour of the right-hand side of Q see 1^. However, all such non- 
stationary terms decay exponentially and do not affect the results here presented. 
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